logical mean flow given by the Walker circulation. The simplified models are systems of ordinary differential equations (ODEs) for the amplitudes of barotropic Rossby waves and the MJO, and they are systematically derived from the MJO skeleton model by using multiscale asymptotics. The simplified ODEs allow for rapid investigation of a wide range of model parameters, such as initial conditions and wind shear. Background wind shear is shown to have only a minor effect on these interactions in the setup used here. The models illustrate some realistic features of tropical-extratropical interactions on intraseasonal to seasonal timescales. A key aspect of the models here is that the water vapor and convective activities are interactive components of the model, rather than specified external heating sources. 
for the barotropic mode, and
∂ θ ∂t
∂ a ∂t
for the first-baroclinic mode. These equations combine the MJO skeleton model (Majda and 
The other variables, v = (u, v) and θ are baroclinic velocity and potential temperature; and q is 122 water vapor (sometimes referred to as "moisture"). The tropical convective activity envelope is 123 denoted by δ 2 a, where δ is a small parameter that modulates the scales of tropical convection 124 envelope. We define δ 2 as the ratio of radiative cooling rate of 1 K/d divided by the reference
125
heating rate scale at 10 K/day. Likewise, δ 2 is also incorporated with the quantities S θ and S q ,
126
radiative cooling and the moisture source. Here, for simplicity, we consider δ 2 S θ and δ 2 S q to be 127 spatially varying and time-independent, although in general, they have both spatial and temporal 
When the Walker circulation variables are subtracted from the baroclinic variables, the baroclinic 135 system has energy conservation for the anomalies: dE BCa /dt = 0, where
Now consider the full coupled system (1) including both the barotropic and baroclinic components.
When the barotropic energy
0 |v| 2 dxdy is also considered, the total energy for the
138
anomalies is E = E BCa + E BT and it evolves according to:
Note that the right-hand side of this equation is not zero, so the energy is not conserved. The asymptotic expansion is now carried out by introducing equatorial long-wave scaling,
as well as the longer time scales:
istic time scales are 1 day, 3 days and 10 days, respectively. In addition, small amplitude variables 145 are also assumed for asymptotic expansion:
and
where each of the variables on the right-hand side of (8) 
where · = · dxdy is the mean value over the horizontal domain. We further assume that S q =
150
S θ =Hā, which is a necessary consistency condition to ensure the existence of a steady Walker 
152
Under this assumption for S q and S θ , the Walker circulation would only appear in the leading 153 order, so the baroclinic variables at the leading order can be written as:
where the subscript 'W' stands for Walker circulations, and the subscript 'a' stands for the leading 155 order anomalies from the Walker circulation. To carry out the multi-scale analysis, a meridional truncated basis is used for all of the variables.
158
The main reason for introducing a meridional truncation is that the linear eigenmodes of (1) are not 159 known, whereas the linear eigenmodes of a truncated version of this system are known and were previously described by Majda and Stechmann (2009) . We adopt the same meridional structure 161 described in Chen et al. (2015) , where for the barotropic wind it is assumed that
where L is the meridional wavenumber. For the baroclinic variables, the meridional structures are 163 assumed to be
where l = − be found in the Appendix. In addition, we also assume that the variations for moisture source and 169 radiative cooling share the same zonal structure:
although in general they often have different zonal structures. Further, the meridional structures 171 are assumed to be proportional to the leading parabolic cylinder function:
The asymptotic expansions in (8) are then applied to the meridional truncated system, which is 173 described in the Appendix. At the leading order, the truncated system is linear, and the baroclinic 174 and barotropic systems are decoupled. The four major eigenmodes for the baroclinic system were 175 described in Majda and Stechmann (2009) , and they are the Kelvin, MJO, moist Rossby, and dry
176
Rossby modes as shown in Figure 1 . 
where k MJO , k W and k T are the wave numbers for the MJO, the Walker circulation, and the barotropic Rossby wave, and ω MJO and ω T are the wave frequencies for the MJO and the barotropic Rossby wave. The frequency for the Walker circulation ω W is zero. This type of resonance condition is analogous to topographic resonance (Majda et al. 1999) . Because the MJO and barotropic Rossby waves travel in opposite directions, (15a) implies that the wavenumber of the Walker circulation has to satisfy the following condition:
A Walker circulation with wavenumber k W = 2 can be viewed in Figure 2 . One can view this shown in Figure 3 .
190
To proceed with the multiscale analysis, we write the leading order baroclinic solution as
and the leading order barotropic solution as
where C.C. stands for the complex conjugates, r MJO is the right eigenvector for the MJO mode, 193 and r W is the right eigenvector of the Walker circulation. The eigenvector for the MJO mode is 194 normalized by the baroclinic energy as described by Stechmann and Majda (2015) .
195
Next, the second and third order systems are considered in order to determine the evolution (16) and (17) (2015) , the result is a reduced ODE model for the amplitudes of the modes: and h 6 β * related to the Walker circulation. In contrast to the ODE system derived by Chen et al.
205
(2015) where the coupling terms are quadratic, here the coupling terms h 3 α * and h 6 β * are linear.
206
This is because the Walker circulation is involved in this coupling, but it is a stationary mode with 207 fixed amplitude, so that one part of the quadratic term is a fixed value.
208
The values of h 3 and h 6 in (18) Table 1 . In this paper, for simplicity, the two coefficients are fixed so that c q = 1.2 and c θ = 1,
211
which results in the Walker circulation shown in Figure 2 .
212
According to (18), the coupled linear terms determine the energy exchange between the two 213 modes:
where Re denotes the real part. At the leading order, the total energy E for the anomalies is
which is only conserved when h 3 + h 6 = 0. However, this is generally not the case. In Table 1 , h 3 216 and h 6 have opposite signs, indicating from (19) that as one mode is gaining energy, the other one 217 is losing energy, but the total energy is not necessarily constant.
218
Here the simplified asymptotic equations in (18) 
234
To illustrate the spatial variations, Figure 5 shows the Hovmoller diagram forHa 1a , the leading 235 order anomaly of the convective activity. In this figure, the MJO is traveling eastward at a speed 236 of ∼5 m/s, and the wave amplitude is zero at 0 day, peaks at around 70 day, and returns back to 237 zero-amplitude at 140 day. This corresponds to a wave train of roughly one or two MJO events, 238 depending on the spatial location, similar to the organization of sequences of MJO events in nature 239 (Yoneyama et al. 2013; Thual et al. 2014 ). In Figure 6 , the horizontal velocity fields at lower- is set to be α| T 2 =0 = 1 and β | T 2 =0 = 0. Figure 7 shows the numerical simulation from the ODE 247 solver. In this case, at the initial time, the MJO is losing energy whereas the barotropic Rossby 248 wave is gaining energy, and the total energy of these two modes are decaying at first, until ∼70 day.
249
The amplitudes and energy return to their original state at around 140 day. Walker cell wavenumbers:
To select some reasonable cases for illustration, the values for k MJO1 and k T1 are both fixed to be wavenumber, but they represent barotropic Rossby waves with different meridional wavelengths.
263
In the two cases below, the strength of S θ 1 and S q 1 at wavenumber k = 3 are also chosen to be so that the initial condition for the barotropic streamfunction can be written as
where β 1 and β 2 are the amplitudes for the two barotropic Rossby waves. The initial condition for 272 the baroclinic system is
where r W1 and r W2 are the Walker circulation components at wave numbers k W = 2 and 3. These 274 two resonant triads lead to the reduced ODE system:
The derivation, not shown here, is similar to Chen et al. (2015) . From system (25), we can see that
276
both barotropic waves are interacting with the MJO mode (α), but there is no direct interaction 277 between the two barotropic Rossby waves.
278
In principle, either one of the barotropic waves can potentially initiate the MJO. To consider each 279 wave separately, two cases are computed numerically: 
for the baroclinic modes, where α 1 and α 2 stand for amplitudes for the MJO at wavenumbers 294 k MJO1 = 1 and k MJO2 = 2. The following coupled ODE system describes the interaction mecha-295 nism:
Again, the derivation, not shown here, is similar to Chen et al. (2015) . In this ODE system, 
where
Here U 0 is the constant global mean flow, B 0 is the strength of the barotropic wind shear on the 317 meridional direction, and u (0) 0 , u (2) 0 are the strengths of the baroclinic wind shear on both vertical 318 and meridional directions.
319
A similar multi-scale analysis is carried out, and the resonance condition is not affected by the 320 wind shear. The reduced ODE model for the MJO-barotropic Rossby wave interaction is:
The wind shear introduces two additional linear terms with coefficients f 1 and f 2 , both of which 323 are real values. In the derivation of these two linear terms, only the barotropic shear is involved.
324
In order for the baroclinic shear to have an effect, it must instead be assumed to have an amplitude
325
of O(δ ); in such a case (not shown), it is noticed that the inclusion of the baroclinic shear also 326 introduces similar self-interacting linear terms, so that the reduced ODE is in the same form of 327 (30).
328
Numerical simulations are performed for MJO initiation with the effects of barotropic shear.
329
The resonance condition is the same as in Section 3. Four different barotropic shear profiles are
330
The results for the four cases are recorded in lope. An important feature of this framework is that the tropical and extratropical dynamics are 340 interactive, rather than specifying one of these components as an external forcing term or boundary 341 condition.
342
To explore more realistic conditions, Walker circulations were also considered with more general 
365
While this simplified asymptotic model includes several realistic aspects of tropical-366 extratropical interactions, some other physical mechanisms are not included. For instance, the 367 meridional structures of the variables here are set to be the leading parabolic cylinder functions.
368
With more complicated meridional structures, the interaction mechanism will be richer and more The parabolic cylinder functions that are used to define the meridional structure of the baroclinic 380 variables are: 
The parabolic cylinder functions form an orthonormal basis on the 1D function space. The first 383 few functions are
The parabolic cylinder functions satisfy the following identities:
which help to simplify many expressions, where the operators L ± are defined as
The equations (3) for the Walker circulation can be written for the truncated system as
(1)
The solution to this system of equations is the Walker circulation in the meridional truncated 388 system, and it can be written as
By writing the baroclinic variables as
for the truncated sys-390 tem, and writing U 1 = U 1a + U 1W to separate the Walker circulation ( U 1W ) from the anomalies ( U 1a ), the asymptotic expansion of (1), (2), (8), (11) and (12) can be written in abstract form as 392 follows. Expanding (1) and (2) in powers of δ , the first order system is
the second order system is
and the third order system is
Here N = diag(1, 1, 1, 1, 0, 1, 1, 1) is the 8 × 8 matrix where the '0' entry is to eliminate ∂ t v (1) ,
396
F represents terms from the nonlinear interactions between q and a, and B represents the bilinear 397 terms from the nonlinear interactions in the dry dynamics. The detailed descriptions for these 398 terms can be found in Chen et al. (2015) . 
399

LIST OF TABLES
